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1. INTRODUCTION

The presence of nonlinear component in controlled system usually brings together
the difficulties in control algorithm design. It disallows the usage of classical
methods that are widely used in linear systems. To solve this problem, it is necessary
either to clear away the parasitic behavior of the nonlinearity or to use specialized
and often more complex designing methods. One of the problematic nonlinearities,
which is of our interest in this work, is mechanical friction. It represents typical
contradiction in human beings everyday life. It is in some cases highly desirable
(walking, brakes, etc.) but in other cases it acts adversely (wearing, temperature
increase, energy losses, etc.).

The mechanical friction is complex physical phenomenon, which also influences
the control performance. The presence of friction in controlled system often gives
rise to limit cycles around the reference position (so called “hunting effect”) or to
steady state error. It was observed that the limit cycles under relay feedback are
affected by the presence of friction and could, in this way, help us to estimate
Coulomb friction. For derivation of algorithm for friction estimation we consider the
friction having relay character - i.e. the friction acquires two possible values * f

depending on the velocity sign (Coulomb friction). Consequently, we were led to
study linear systems influenced by two relays as particular physical system. The
main advantages of such an approach - friction estimation under relay feedback — are
the clarity and simplicity of the mathematical tools and the closed loop context
which ensures the system operation in desired range of output values. The latter
property is important e.g. for the systems containing a pure integrator which is the
case of waste majority of position control systems.

Friction estimation is particularly useful for the precise position control that is
achieved, unlike the purely linear design, by adding a friction compensator to the
system. The friction compensation may be realized in different ways.

We should be able to model the friction as precisely as possible for the model-
based friction compensation techniques to be efficient (danger of overcompensation
[51]). Often an adaptive implementation is needed to cope with the time-variance of
friction parameters (see [16], [7] and [27]).

Our approach of Coulomb friction estimation can represent the first (and very
important) stage of such an adaptive scheme, aiming to find initial estimates for the
further adaptation. In addition, in some classes of systems, even the application of a
simplified friction model based compensator (the Coulomb model in our case) can
considerably improve the control performance (see [3]).

2. OBJECTIVES

The majority of friction models use Coulomb friction as a key component.
Coulomb friction is included not only in static but also in dynamic models. There
exists big amount of methods, which attempt to find more or less complicated model



of friction. The problem is that they usually require some additional knowledge
about the system, which is influenced by friction. This thesis tries to find an
algorithm for Coulomb friction estimation with no additional information about the
system. The goal of this thesis is to:

1.
2.

analyze the two-relay system in time domain.

specify the describing function of equivalent nonlinearity and analyze the
influence of parameters changes.

discuss the problematic of existence and stability of limit cycle oscillations

find algorithm for Coulomb friction estimation using harmonic balance
method.

prove the correctness of proposed algorithm in simulations.

describe the influence of more complicated model than Coulomb friction
model on precision of the proposed algorithm.

show real-time application of presented algorithm.

point out the negative influence of friction on point of frequency response
measurement according to PID controller adjustment using relay experiment.

3. METHODES

3.1. Time Domain Analysis

Description of the two-relay system using switching instant conditions and
switching direction conditions (as in [45]). It allows to simulate the behavior of
this system and it also enables to mathematically describe the condition of no
additional switching.

Phase plane analysis (see [44] and [50]) — it enables to analyze the behavior of
second order system. It gives inside into existence and stability of limit cycles
(Poincaré-Bendinxon theorem).

3.2. Frequency Domain Analysis

e First harmonic approximation — it is used to designate the describing function

of equivalent nonlinearity.

e Extended Nyquist criteria of stability — is employed to prove the existence and

the stability of limit cycles

e Harmonic balance method — is used to study the influence of outer relay

parameter changes on frequency of limit cycle oscillations. Afterwards, it is
helpful for equation and algorithm derivation for Coulomb friction estimation.



4. MAIN RESULTS

4.1. Two-Relay System

Outer relay
0 e ] w0 w0 By w0 4 »(0)
+ @ “ e+ A(s) s
Z » X
uf(t) Inner relay
s
—

Figure 1: Feedback system structure

An underlying system studied in this thesis is shown in Figure 1. This system
contains besides a stable linear part B(s)/A(s) followed by an integrator 1/s also
two relay nonlinearities (two-relay system). The inner relay with amplitude f is
modeling the Coulomb friction and the outer relay with amplitude d and with
hysteresis ¢ is ensuring the position feedback. The linear part of the system is
described by the transfer function

Gls) = B(s)  b,s" +...+bys"
sA(s) s(ans” +...+a0s0)
It is not necessary to care about the viscous friction for system layout in Figure 1

because in the case of non-zero viscous friction it is possible to include this
phenomenon into the linear part B(s)/A(s) due to its linear character. The linear part

b, #0 4.1

then changes to
B(s)___ Bls)
AG)~AG)+ - BG) 2

where F| is the coefficient of viscous friction.

4.1.1. Transient Response

The behavior of both relays can be described by switching instants conditions and
by switching direction conditions [45]. The switching instants condition defines the
time of relay switches. The switches are good provided that the direction of the
motion remains the same at the switching instant. Switching instants for both, outer
and inner relays are given as follows:

Outer relay switching instants: they appear at a time when e(t)=r— y(t)

crosses the hysteresis value & (assuming that y(t('))< 0).
{r —y(t)=(~ l)k & ...switching instants conditions

(-1)3(¢;)<0  ...switching direction conditions



(4.3)
where ¢, (k=0,1,2,...) denotes the outer relay switching instants.

Inner relay switching instants: they appear at a time when j/(t) changes its sign.

{ y(t,)=0 ...switching instants conditions

(=1 3(¢,)>0 ...switching direction conditions (4.4)

where ¢, (k=0,1,2,...) denotes the inner relay switching instants.
This study is restricted to the case of simple oscillations. The mathematical

relation describing simple oscillations is expressible with a set of equations
1) r =)< e fort, <t <t
(-1 5(r)<0 fort, <t<t,,, (4.5)
fp St <tp Sty
The set of equations (4.5) is also called condition of no additional switching. It
says that one switch of relay is followed by one and only one switch of the other

relay and vice versa. The following mathematical description of the two-relay
system can be used to compute the system's output y(t) for any given time instant.

Let's assume initial conditions

u,(t)=—d elt)<e y(t)<0 where =0
for outer relay for inner relay

The considered feedback system can be replaced with interconnection of linear
part G(S) with step response h(t) and one nonlinear part described by

ult)=u,(t)-u ; (t). The validity of switching conditions (4.3)-(4.5) enables us to

write equation describing transient behavior of the system as
W)= (=d+ fIne)+ 23 (1) d ke =1)= £ b =1)]+ 3, () (4.6)
k=0

where y,.(¢) is the natural component of transient response given by non-zero

initial state.

In the case of steady state limit cycles, the additional condition can be added
defining the fact that the time periods between the two successive switches of each
relay are constant.

In the case of stable and symmetrical limit cycle, the basic structure of underlying
system in Figure 1 can be substituted by simpler scheme, which can be seen in
Figure 2. This scheme is more advantageous for frequency domain analysis since it
enables us to use harmonic balance method. Both relays are replaced there with one
nonlinearity with equivalent behavior — equivalent nonlinearity. The presence of the
integrator in transfer function G(s) causes that no DC component propagates

through the equivalent nonlinearity even for the case r(t)=const.¢ 0. This fact is
necessary assumption for harmonic balance method usage.
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Figure 2: Equivalent feedback system

4.1.2. Phase Plane Analysis

Phase plane analysis is a simple graphical method for studying second-order
systems. Since it is the graphical method, it gives advantage of good physical inside
into system behavior. Another advantage is that it does not fail to work with the
systems containing hard nonlinearities (as it is in our case). The hard nonlinearity is
the one that does not allow linear approximation. Phase plane analysis can be used
to solve motion trajectories for various initial conditions, for stability decision and
for limit cycles detection. This method is limited in its usage for systems up to
second order inclusive because the study of higher-order systems is graphically
complex. The phase planes generated using method of isoclines for different settings
of linear part G(s) and of both relays are not presented there due to lack of space.

Only principal results are mentioned as follow.

e Some systems converge to limit cycles faster than the others. With the
convergence speed we mean number of limit cycle periods needed to reach the

steady state oscillations.

e The linear part must be stable to obtain stable limit cycles.

e The outer relay amplitude d must be always higher than inner relay amplitude £.
This limitation is natural. Otherwise the limit cycles are not generated because

they are broken with friction.

e Hysteresis of outer relay must be nonzero to guarantee the existence of limit
cycles for second order linear part G(s). This condition is not necessary for

linear parts of higher order.

4.2. Equivalent Nonlinearity

4.2.1. Response to Harmonic Signal

The response of equivalent nonlinearity to a harmonic
e(t) = A -sin(wr) is composed of two rectangular signals u,(7) and u ,(¢) which are

input signal

mutually shifted and which correspond to the outer and the inner relay output,

respectively (see Figure 3).

Their phase shift, according to the sinusoidal input signal e(t), is caused by:

e presence of the hysteresis £ in the outer relay,



e dependency of the inner relay output on the velocity y=—¢é

The outer relay produces phase shift that depends on the amplitude A of the
sinusoidal input signal and on the value of the hysteresis & «, = arcsin(g/4).
(1) (1) u(t)

— 4 P I

-d+f
-d - J -d-f J

Figure 3: The output signal of equivalent nonlinearity
The velocity feedback of the inner relay gives a phase shift «, =7/2, which is
the phase shift between the output y and its derivative y =v. The resulting phase
shift between the signals u,(7) and u () is given by the sum of both phase shifts

a=a,+a,.

4.2.2. Describing Function

The describing function of the equivalent nonlinearity N(A4,d,¢&, ) is determined
as a parallel combination (i.e. a sum) of two describing functions of the two relays
with amplitude d and f'with the phase shifts explained above.

— j-arcsin—

N(4,d,e, f):i(d-e‘j'“l - f-e””)z%(d-e 14 f -ej'ZJ (4.7)

One can notice that the equation (4.7) depends on four parameters. Following
section shows the dependency on variations in d and ¢.

4.2.3. Analysis of Limit Cycles

This section gives the discussion on the influence of the outer relay parameters on
limit cycle frequency evolution. This essential issue will be further used in the
proposed method for inner relay amplitude identification (section 4.3). The
harmonic balance method uses the graphical interpretation of condition of harmonic
balance

-1
Ad,é, f)

This equation graphically represents the intersection between the Nyquist plot of
linear part G(jw) and the plot of negative inverse of describing function

~1/N(4,d,&,1).

G(jo)= M (4.8)

10



First, let's consider the limit case when the hysteresis is not included in the outer
relay (& = 0). The negative inverse of N(4,d, f ) is then described by

i s )

(4.9)

N(4,d,f) 4 \d*+ f?

The plot of this function (as a function of output amplitude A4) is represented by
straight lines starting in point (0,0) and having the slopes dependent on the ratio
between the relay amplitudes d and f . Because the inner relay amplitude f'is fixed,

4 0.8
|
7=0.1
/-

106
104

402

1.5 e -1 0.5

1-0.2

Gs)=1/s(s+1) a/ 104

G(s)=1/s(s+1)

1-0.6

Figure 4: Intersection between the frequency characteristic of G(s) and the function
-1/N (A,d . f ) for three different outer relay amplitudes without hysteresis.

it is meaningful to investigate only the influence of changes in the outer relay
amplitude d. The qualitative graph representing negative inverse of N (A,d, f ) is

depicted in Figure 4. An increase of d implies an increase of the angle between the
straight line and the positive real axis. This straight line lies in second quadrant for
all values of d.
Depending on the linear part characteristics, the phase modification induced by
the modification of d will be equivalent to a frequency of limit cycles modification.
The formula (4.9) becomes more complicated for the outer relay with hysteresis

& 2
AN i
1 -2 (d A)

N(A,d,f): 4 1_27f€+f2 (4.10)

dd  d?

We can study the influence of changing the values of outer relay amplitude d and
hysteresis &. The loci of —1/N (A,d &, f ) of equivalent nonlinearity, when the outer

relay includes a constant hysteresis (& =const.), is shown in Figure 5 for three
different values of outer relay amplitude d.

11
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Figure 5: Dependency of —1/N (A4.d.&, ) on outer relay amplitude d with & =0.02

Modification of d results in modifications of the slope in the same way as the
previous case (without hysteresis). Equation (4.10) has a physical meaning only for
& < A. Otherwise the outer relay cannot switch and there are no oscillations. The
curves defined by equation (4.10) start in a point given by the condition 4= ¢. This
point is situated on the imaginary axes.

Figure 6 shows the loci of —1/N (A,d &, 1 ) for the equivalent nonlinearity when

the outer relay has constant amplitude (d = const.) and hysteresis ¢ varies. The
curves —1/N (A,d,g, f ) shift approximately in vertical sense. Increase of the

hysteresis value ¢ causes the curve —1/N (A,d e, 1 ) to move down (in the vertical
sense). This implies that limit cycles frequency decreases.
4 04
-0
& e f=:0.1 .ET_ 03
-4 {02

4 0.1

: 0
1.6
-0.1
-0.2

-0.3

2 -0.4
G(s)=1/s(s+1)

°/

G(s)=1/s(s+1)

-0.5

406

Figure 6: Dependency of —1/N (A,d & 1 ) on outer relay hysteresis &with d =0.4

In short, frequency of limit cycles @ can be modified in two ways:
¢ by changing outer relay amplitude d, or

12



¢ by changing outer relay hysteresis ¢ .
Each generated limit cycle (intersection between G( ja)) and —-1/N (A,d,g, f ))

can be stable, semi-stable or unstable. It can be shown using extended Nyquist
criterion [44] that the intersections in Figure 4, Figure 5 and Figure 6 are all stable.

4.3. Formula for Coulomb Friction Identification

This section presents the derivation of the algorithm for friction identification.
When the harmonic balance method is applied to the two-relay system and the outer
relay contains non zero hysteresis, condition of harmonic balance can be rewritten as

G(jo)-N(4,d,&,f)=—-1 4.11)

Two relay experiments with different settings of the outer relay d and & can be
performed. The following equation then holds to be true for steady state oscillations

G(jo,)- N(Aladlagpf):G(fa)z) ' N(Az,dz,gz,f) (4.12)

Because the transfer function G(j®)is unknown, it would be nice to eliminate it

in equation (4.12). Based on the results of section 4.2.3 we assume that it is possible
to find different settings of the outer relay parameters (d, &) resulting in the same

frequency of oscillations @. The equality of frequencies w, = w, also leads to the
equality of complex numbers G(jw,)=G(jw,) and thus simplifying equation
(4.12) to

N(Aladlagpf) N(Az,dz,gz,f) (4.13)

Substituting N(A4,d,¢, ) using (4.7) in (4.13) and after some derivations we
obtain solution as a complex number with following real and imaginary parts

fre = 1 idzgz _ﬁdlgl
4, - Az 4, 4,

o Bl =o - a7

A4, -4,

(4.14)

Since N(4,.,d,,s,,f) and N(4,,d,,&,,[f) are both approximations of the transfer

between e and , it results that f can only yield an approximate value of £. Since fis
a strictly real value, we have to look for an approximation of it by a real value. The
approximation can be taken either as a real part of f

J =t (4.15)

13



or as its absolute value

faNfl+ (4.16)

Condition f, ~0 may not always be fulfilled and the ideal solution f = f

cannot be perfectly obtained. There are two main reasons for this. The first one is
caused by the approximative nature of the first harmonic method. In some cases the
assumptions on the linear part G(s) are not perfectly fulfilled (linear part must be

sufficiently low pass filter which should eliminate all harmonics of the spectrum,
except the first harmonics). The second reason is that there are some dynamics
between the equivalent nonlinearity and the linear system G(s), denoted by G, (s)

and G, (s) in Figure 7. This issue is further discussed in next section.

out

4.4. Extension of Two Relay System

The real system with friction sometimes differs from the underlying system
shown in Figure 1. From this point of view it is interesting to analyze the situation in
which the underlying system is enlarged by additional dynamics acting either on the
input G,,(s) or on the output G, ,(s) of the linear part (see Figure 7).

Outer relay
d

D) e(0) o W) | By | v | 1 |0
v A Gl A(s)

out

(1)

G (5)

uf.(t)
: Inner relay

A

Figure 7. Extended system structure

4.4.1. Input Dynamics G,,

The dynamics G, can be included into equivalent nonlinearity. Its describing

mn

function is then given by the equation

4 — j-arcsin® 1 jaa
N(4,d,¢, f)=—]|d- A e 2 |G, (j ,
(4.d.z.f) M( e G Ga) ¢ ] wljo) (4.17)

Using the proposed procedure and from equations (4.13), (4.14) we obtain the
solution

(4.18)

14



The solution is a complex number depending on G, (j®). If a non-negligible

unknown dynamics is acting on the plant input (actuator dynamics, for example)
than it is not possible to use the proposed procedure to compute friction estimate.
Moreover, the friction coefficient is dependent on @ and simple model based
friction compensator cannot reach its cancellation.

4.4.2. Olltpllt Dynamics Gout

On the other hand, the dynamics G
changes the describing function of the equivalent nonlinearity to

connected to the output of linear part

out

. . £ .
— j-arcsin—

N(A,d,g,f):i(d-e 4 +f.e'j4G0“’(j“’) -eJ-ZJ (4.19)

The additional dynamics G,, causes an additional phase shift of the inner relay

out

input v(t) according to output y, (t) Phase shift changes from 7/2 to 7/2 minus
phase shift given by £G,,, ( Jj a)) (compare (4.19) with (4.7) in the term containing f).
Let us substitute f-e /<% ) with f

(420) [ =Jt i Fop =10

One can notice that ‘ 7 ‘z f, ie. in the ideal case, the absolute value of the

solution is the true value f. The outlined procedure can be used and the estimated
value of friction is given by the absolute value of the complex number f,, + j- f,,
computed using (4.16). Our realization uses this equation for computing Coulomb

friction estimate to cover both, the simple and the extended cases.
The dynamics G, can be present or included in the system structure due to

out

following reasons:
e It can represent a sensor dynamics or other dynamics on the output of the
system.
e [t can be added as a filter to reduce the level of noise.
e It can be added as an additional dynamics to more fulfill the requirements of the
harmonic balance method when the order of the linear part G(s) is low.
The positive influence of G,,, has proven itself in the simulations and it real-time

application as well.

4.5. Compensation Procedure

Hysteresis adjustment during the second relay experiment is performed using an
iterative procedure which behaves like an integral action to reach zero steady state
error of the difference between the oscillation frequencies. The integral formula is

described by

15



I -T,

82i+1 - 821 + kg Azi l (421)

2

1

where k. is iteration weighting factor, 4, is amplitude of system output at i"
step, 7; is stabilized period of oscillations during first relay experiment and 7, is
actual period of oscillations in i" step of the second relay test. The weighting factor
k. determines the speed of iterations. Higher weighting factor k, brings together

higher speed of iterations but possibly also more oscillating behavior of ¢ and
consequently of @ and of f. The setting of the weighting factor &, is related with

oscillation convergence speed.

4.6. Step by Step Description of the Algorithm

The described algorithm can be summarized into the following steps:

First relay test The system is connected in feedback with a relay with hysteresis
g, and with amplitude d,. As soon as the self-oscillations are stabilized, we

obtain their frequency @, by measuring their period 7;. The amplitude 4, of

system output is measured too.
Second relay test
Initialization
The amplitude of the outer relay is changed to d,. The hysteresis of the outer

relay is left unchanged ¢, =¢;.

Iteration |
According to the measurement of the oscillation period 7, and amplitude

4, , anew value of hysteresis ¢, ~can be computed using (4.21).

Stop condition
The iterations stop as soon as the current period of the auto-oscillations
equals the period obtained during the first relay experiment 7, =7, with the

relevant precision.
Friction estimation
Equations (4.14) for the real and imaginary part of the solution can be used.
The actual value of Coulomb friction is estimated using equation (4.16) as the

absolute value of complex number f .

4.7. Alternative Method

It is well known that the phase shift modification during the relay test can be
obtained by adjusting hysteresis value ¢ of the outer relay and also by adjusting the
time delay value 7 in a block following the ideal relay [45]. Phase shift modification
using adjustable time delay was the motivation to find an alternative method for

16



Coulomb friction estimation. The basic principle of this alternative method is the
same as in the previous case. First, we must find the describing function of new
equivalent nonlinearity, i.e. of the system in feedback with an ideal outer relay
followed by a block with adjustable time delay 7 combined with the inner relay.

The time response of equivalent nonlinearity to harmonic signal is the same as in
the case of relay with hysteresis (see Figure 3). The phase shift «, is now given by

the time delay 7 and by the oscillation frequency @: «; =@7r. The phase shift
a, =7/2 stays the same.

The describing function computed using the first harmonic approximation is given
by the sum of two describing functions — of outer relay with phase shift ¢, and of

the inner relay with phase shift «,

N(A,d,a), r,f):i(d-ej'm +f-ej.2J (4.22)
We assume an equation similar to (4.12)
G(]a)l) ) N(Al’dl’a)bz-l,f): G(]wz) ’ N(A29d23w29z-27f) (423)

Using the same procedure as for the case of the relay with adjustable hysteresis,
i.e. eliminating G(jw,) and G(jw,) in equation (4.23) we obtain following

expressions for the real and imaginary parts of Coulomb friction estimate f,

respectively
- 1 : .
Jre = H(Aldz Sm(a’lfz)_ Ayd, Sm(wlﬁ ))
T (4.24)
Jim = A — 4 (4,d, cos(@,7,) - 4,d, cos(@,7,))
)

Formulae (4.24) are mathematically more complex comparing with (4.14)
because they contain trigonometric functions. Mathematically higher complexity
should not cause problems even when slow hardware or single chip devices without
trigonometric function library are used for real time implementation. The reason is
that the discussed equations can be used only once and moreover they can be
computed off-line. On the other hand, the presence of an ideal relay without
hysteresis can cause problems in real applications due to noise in the output signal
y(t). The ideal relay would have to be replaced with relay with small hysteresis
(<< A4) to eliminate the influence of the noise and to avoid its influence on
describing function of equivalent nonlinearity.

The inner relay amplitude estimate is given (as well as for relay with hysteresis)
by absolute value (4.16).

17



For systems with monotonous frequency response G(j®), an increase of time

delay 7 causes decrease of oscillation frequency. The time delay 7 can be modified
using following iterative algorithm to reach desired frequency of oscillations @.

T, =7, +k, (1, - T, ) (4.25)

where k_ is an iteration weighting factor. It specifies the convergence speed, just
like the constant £, in the case of the relay with hysteresis.

4.8. Influence of Coulomb Friction on Frequency Response
Measurement

The describing function in presence of Coulomb friction changes to the form
shown in equation (4.7). As it was already pointed out in section 4.2.3, the
intersection between the frequency characteristic of G(s) and the negative inverse of

describing function —1/N (A) depends on outer relay amplitude d and on Coulomb
friction parameter /. Following the intersections depicted in Figure 4, we can state

following notice.

The methods for PID controller adjustment based on the results of relay
experiment for the systems with friction sometimes give unsatisfactory results. The
reason is that these methods do not measure expected critical point with phase shift
— /2 but the point whose phase shift is lower, depending on the value of outer

relay amplitude d . Higher values of d gives the point with phase shift more close to
— /2, which makes the controller design better.

The control engineer is usually admonished to utilize small values of outer relay
amplitudes d not to disturb the system. It is unfortunately in contradiction with last
notice.

The situation is the same for the methods requiring point or points with different
phase shift. E.g. methods of Landau and Voda [46], [47], [48] and [49] which
require the point on frequency response with phase shift —37/4. The relay with

hysteresis or relay with adjustable time delay is used to measure this point. In both
cases, such a measurement does not give correct results due to dependence of
describing function on inner and outer relay amplitude. The problem is apparent in
view of Figure 5 and Figure 6.

4.9. Simulation Example

Simulations were realized using Matlab 5.2 with Simulink 2.2. We have created
some C-mex S-functions because it would be difficult to construct some blocks
using supported Simulink blocks.

18
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Figure 8: Friction estimation experiment

The simulation scheme (see Figure 9) includes all the steps of the algorithm for
friction estimation as presented in section 4.6. Moreover, it contains the P-control
stage to lead the system to steady state. This simulation scheme uses conditional and
triggered execution of subsystems to realize the outlined algorithm.

4.9.1. More Complex Friction Models

As it was pointed out in section 4.1, the presence of viscous friction does not
influence presented algorithm. Situation is the same with stiction. Stiction appears at
zero velocity only. The proposed algorithm does not stay in quiet state with zero
velocity, it just makes velocity reversals and that’s why the stiction is not
problematic. Presence of Stribeck effect can cause the increase of Coulomb friction
estimate. Especially when the experiment runs on small velocities, because the
Stribeck effect is significant there. The solution is to increase the average speed, e.g.
by output filtering or by changing the parameters of outer relay.

The hysteresis included in outer relay makes the experiment robust and
insensitive to noise disturbances. The proposed algorithm is thus suitable for
practical usage.
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Description:

Thiz scheme identifies the friction which is present in the system. Two relay tests are used to compute value of friction, The
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Figure 9: Simulation scheme in Simulink

4.10. Real-Time Experiment

S1

The proposed algorithm was also tested on Coulomb friction identification of DC
motor. Its angular velocity was reduced with gear-box. The real-time control was
established directly from Simulink environment using real time extension
represented by Windows application WinCon 3.0 (Quanser Consulting, Inc.).
The simplified block diagram of DC motor is depicted in Figure 10. The quantity
names used in labels are described as follows.

U, .....reference signal of output shaft position in volts
U, ... actual position of output shaft converted to voltage
@D ....... angular velocity in rad/s

0, ... actual position of DC motor shaft in rad
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The numerical constants of this system were approximately known. Time constant

r=28ms, speed constant k,, =8-10°V/rad/s and gearing of the gear-box
1/n=0.01. The position was measured by a resistive sensor that transformed the

position from the range of (0,27 )rad into voltage in the range of (-10,10)V. The
electrical time constant was negligible with respect to the mechanical one and that's
why it is not included in the simplified diagram in Figure 10.

Outer relay
d
%”E GN IJL & e [Jd l/kDT w Qm l]mux ‘Ue G /(S)
+ + Ts+1 N 2nn | ou
-d
Friciton
fi
PC with Matlab v DC motor
and WinCon3.0 —

Figure 10: Block diagram of real time experiment with DC motor

It was sufficient to replace the block that contains model of plant with friction
nonlinearity with the special block from WinCon 3.0 library containing A/D and
D/A modules providing the connection to MultiQ input/output card to be able to run
real time experiment.

2 T T T
1 F——— A i
Ny
=0 |
3’%
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_2 1 1 1 1 1 1 1 1 1
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Figure 11: Results of real-time experiment

t/s]

Thereafter, the timer module had to be inserted into Simulink scheme. Than it was
sufficient to run the compilation, to build the real-time application and to launch
real-time experiment.

To obtain better results, we also used a low pass filter with approximately the
same dynamics as the system dynamics G, (s)=20/(s +20). This modification (as
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well as in simulations) improved the behavior and the obtained results were less
varying. The parameters used for obtaining friction estimate are shown directly in
Figure 11.

S. CONCLUSION

Dissertation thesis fulfilled the goals traced out in introduction and in objectives.
The thesis successfully analyses a two-relay system configuration. The time domain
analysis gives some important remarks about the two-relay system. It also shows
that no DC component propagates through equivalent nonlinearity. It can be
demonstrated by phase plane analysis of linear part of second order with equivalent
nonlinearity that some systems converge towards limit cycles faster than the others.

Frequency domain analysis gives the formula for describing function of
equivalent nonlinearity. This formula is the milestone of this thesis. It is used to
elicit relatively simple formula for inner relay amplitude estimation, which models
the Coulomb friction. This formula for Coulomb friction estimation is the main
objective of this thesis. Its derivation comes from the dependency of the oscillation
period on outer relay amplitude d, hysteresis & and inner relay amplitude f. The
dependency on d and ¢ is studied in details. The theoretical part in section 4.4
contains also discussion on possible results and the influence of output filtering on
estimation results and their precision. It can be declared that this theoretical part
described above is original and creates the core of this dissertation thesis.

Simulation examples show "one press button" implementation of the proposed
algorithm in Simulink environment of Matlab and some its simulation results. It was
observed that the higher order of linear part gives better results due to their better
filtering capabilities. The influence of incorporating more complex friction model is
described too. It was pointed out that the presence of Stribeck effect can cause
increase of Coulomb friction estimate, especially when the system during
experiments runs to small velocities.

The presented algorithm for Coulomb friction estimation is implemented as real
time application, which was tested on a DC motor. The positive assets of output
filtering approved itself.

The advantage of the proposed algorithm is its simplicity to realize it. Another
good feature comparing with existing methods for Coulomb friction identification is
that it does not require any numerical information about the system to be
investigated.

The drawback of this method is long time needed for both relay experiments. We
have to wait until the system produces steady state oscillations. Second relay
experiment is more time consuming comparing with the first one, because the
iterative process of relay parameters changes is used for reaching the same
frequency of oscillations as during first relay experiment. This drawback is common
for all algorithms where the iteration is engaged.

Presented algorithm can be farther meliorated. The same formula will hold true in
a case when phase-locked loop identification will be used at a place of outer relay
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feedback. This approach partially removes faults of first harmonic approximation
method.

The Coulomb friction estimate obtained using proposed algorithm can be used in
existing friction compensators to improve their control performance. It can be also
used as a good initial estimate for different adaptive friction compensation methods.
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6. ODHAD SUCHEHO TRENI POUZITIM METODY
HARMONICKE LINEARIZACE SYSTEMU SE
DVEMA NELINEARITAMI TYPU RELE

6.1. RozSireny abstrakt

Ptitomnost nelinearniho prvku v fizeném systému casto komplikuje Zivot
automatiza¢nimu technikovi, ktery ma takovyto systém fidit. VEtSinou totiz nemuiize
pouzit pfimo klasické metody znamé pro fizeni linearnich systémi, ale musi se bud’
nejprve vyporadat s nelinearitou, nebo pouzit specialni navrhové metody.

Jednou z nelinearit, kterou se zabyva tato prace, je mechanické tfeni. Mechanické
tteni je slozity fyzikalni jev, ktery nepfijemné ovliviiuje kvalitu regula¢niho
pochodu. Jeho pritomnost v fizeném systému se muze projevovat vznikem trvalé
ustalené odchylky, nebo vznikem autooscilaci kolem zadané hodnoty (tzv. hunting
effect). To vedlo ke vzniku algoritmd, které néjakym zplsobem odstranuji vliv tfeni.
Nejprve vznikaly algoritmy, které nevyzaduji znalost modelu. Jedna se o dynamické
mazani a omezeni zesileni integratoru. Nevyhodou dynamického mazani je
pritomnost vysokofrekvenéni slozky na vystupu akéniho clenu vedouci ke snizeni
zivotnosti daného zafizeni. Druhd metoda nedosahuje podstatného zvyseni ptesnosti
fizeni. Nove¢j$i metody kompenzace vychédzeji ze znalosti modelu tfeni. Jednd se
o statické modely, které ale nejsou dobré pro rychlosti blizké nule a rovné nule.
Nejnovéjsi metody pouzivaji dynamické modely, které odstranuji nedostatky
modell statickych.

Jednou z nejdilezitéjSich slozek téchto modeli je suché (Coulombovo) treni.
V soucasné dob¢ existuji metody pro jeho zjisténi. Jejich nevyhodou je pozadavek
na znalost nékterych parametri systému, které se museji nejprve zméfit nebo
vypocitat a teprve potom lze pristoupit k urceni suchého treni. Tato prace popisuje
originalni algoritmus pro ziskani odhadu suchého tieni u systému, jehoz parametry
nejsou zname.

Pro matematické odvozeni algoritmu byla provedena teoretickd analyza systému
se dvéma nelinearitami typu relé. Prvni nelinearita, nazyvand v této praci jako
vnitrni relé, ma charakteristiku idealniho relé. Tvoii rychlostni zpétnou vazbu
a modeluje suché tfeni. Druhd nelinearita, oznacovana v této praci jako vuejsi relé,
ma charakteristiku relé s hysterezi. Vné&jsi relé tvoii polohovou zpétnou vazbu
a zajiStuje vznik autooscilaci ve zpétnovazebnim systému. Bylo pozorovano, Ze
autooscilace jsou zavislé na amplitudach obou nelinearit a na hysterezi vnéjsiho relé.
Toto zjisténi bylo motivaci pro odvozeni algoritmu pro odhad amplitudy vnitiniho
relé, tj. pro odhad suchého tieni. Analyza tohoto systému v ¢asové oblasti ukazuje,
ze v pripadé ustalenych symetrickych kmitd je mozné obé nelinearity nahradit
jednou nelinearitou se stejnym chovanim — zdstupnd nelinearita. D4 se ukazat, ze se
systémem neSifi stejnosmérna slozka ani v pripade, kdy je nenulova zadana hodnota.
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Podminky pro vznik a stabilitu autooscilaci se daji u systémi s linedrni casti
druhého tadu ukéazat pomoci metody izoklin a Poincaré-Bendinxsonova teorému .

Vysledky zjisténé analyzou v ¢asové oblasti umoziiuji pouzit metodu harmonické
rovnovahy a provedeni analyzy ve frekvencni oblasti. Nejprve je zjistén ekvivalentni
pienos zastupné nelinearity. Ten je rozebran z hlediska zavislosti na amplitudé a na
hysterezi vné&jSiho relé. Existenci a stabilitu autooscilaci je mozné urcit pouZzitim
modifikovaného Nyquistova kritéria. Na zdklad¢€ znalosti ekvivalentniho pfenosu je
pouzitim metody harmonické rovnovahy odvozen vzorec a sestaven algoritmus pro
uréeni odhadu suchého tfeni. NavrZzend metoda a jeji teoretické odvozeni je plivodni
a tvori jadro téchto tezi.

Vznikly algoritmus je realizovan v prostfedi Simulinku v programu Matlab.
Nekteré jeho bloky jsou naprogramovany jako S-funkce vjazyce C. Pomoci
toolboxu Real Time Workshop a aplikace WinCon 3.0 lze vygenerovat aplikaci,
kterad bézi vredlném case. Algoritmus byl ovéfen pii zjiStovani suchého tieni
stejnosmérného motorku.

Prace byla caste¢né publikovdna na konferenci PID2000, ktera se konala ve
Spanélském mésté Terrassa. Dale byla zaslana a predbézné piijata do Gasopisu
Control Engineering Practice.

6.2.Nastin odvozeni algoritmu

Pfi odvozeni algoritmu uvazujeme systém podle Obr. 1. Toto zapojeni se da na
zékladé analyzy v Casové oblasti za predpokladu symetrickych ustdlenych kmith
a konstantniho fizeni w(¢)=konst. zjednodusit na zapojeni viz. Obr. 2. Pfenos
linedrni ¢asti obvodu je G(p)=B(p)/p-A(p). Na toto zapojeni jiz lze pouZit
metodu harmonické rovnovéhy. Prvnim krokem harmonické rovnovéhy je urceni
ekvivalentniho pfenosu zastupné nelinearity.

Vnégjsi relé
w(t) ey W@ )| B | 0| )
+® -£ g e + A(p) p
Z 4 Z
%(t) Vniteni relé
J—
—

Obr. 1: Zdkladni schéma zapojent

Pro zjisténi ekvivalentniho pfenosu je tfeba znat odezvu nelinearity na
harmonicky signal e(t) = A4 - sin(awt). Tato odezva se sklada z rozdilu dvou vzijemné

posunutych obdélnikovych signall u,(7) a u (¢) (viz. Obr. 3). Vystup vnéjsiho relé
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je zdavodu hystereze & posunut vici uvazovanému harmonickému signalu e(t)
o thel ¢, = arcsin(g/ 4). Vystup vnitiniho relé je posunut vii¢i e(t) o thel a, =7/2.
Vzorec pro vypocet ekvivalentniho pfenosu zastupné nelinearity mé tvar

4 . . 4 -J: arcsmi iz
N4,d,e, f)=—\d-e’/ " —f-e/?|=—|d-e A4+ f.e 2 ,
(4.d.5. )= fete)=— e o
Zastupna
nelinearita
w(l):kc)nsl.+ e(t) NAdef) ﬂ Go) (1)

Obr. 2: Zjednodusené schéma zapojeni

Predpokladejme, Ze provedeme dva experimenty s riznym nastavenim parametra
vnéjsiho relé. Potom na zakladé podminky pro existenci ustdlenych kmith
v uzavieném obvodu G(jw)- N(A4,d,¢, f)=—1 plati nasledujici vztah

G(jo,)- N(Aladlaglof):G(jwz) ' N(Az,dz,gz,f) (6.2)

ProtoZze ptenos linedrni ¢asti G(jw) neni zndmy, je nutné ho z vySe uvedené
rovnice odstranit. Da se ukazat, ze frekvence ustalenych kmitl se da ovlivnit
zménou parametrl vnéjsiho relé, tedy zménou jeho amplitudy d a hystereze ¢ . Dale
se da ukazat, ze mohou existovat dveé rizna nastaveni parametrll d,, & a d,,é&,, pfi

kterych systém vykazuje autooscilace na stejné frekvenci @, = w,. Potom se rovnice
(6.2) zjednodusi na tvar

N(Apdpgpf):N(Azadzsgzaf) (6.3)

Dosazenim (6.1) do (6.3), postupnym zjednodusenim a vyjadifenim parametru f
dostaneme vzorec pro vypocet jeho realné a imagindrni slozky

frez#(/ll dz 2_A2d8j
AI_A2 Az 1

Fom = A a2

Odhad velikosti suchého tieni se da urcit ze vzorce (6.4) bud’to jako redlna cast,
nebo jako absolutni hodnota. Imaginarni ¢ast by totiz méla byt teoreticky rovna nule.
To Casto zcela neplati z diivodu pouziti priblizné metody. Popsané schéma miize byt

(6.4)
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roz§ifeno o vystupni filtr s pfenosem G, ,(s). To zplsobi pouze zménu faze
v odhadu £, neovlivni to viak jeho amplitudu. To je dvod, pro¢ v naSem algoritmu
pouzivame odhad velikosti suchého tfeni fjako absolutni hodnotu komplexniho ¢isla

(6.4).
VR (6.5)

7’%1([) uf‘(l) u(l)
d+f+
dy P; df + L

-d+f
d - J -d-f J

Obr. 3: Odezva zastupné nelinearity na harmonicky signdl

Pro zajiSténi rovnosti frekvenci béhem obou experimentl je navrzen iterativni
algoritmus nastavujici velikost hystereze vné¢jsiho relé podle vzorce
LT,
£, =& tk A T—’ (6.6)

s
2

1

kde T je perioda autooscilaci béhem prvniho experimentu a 7, je perioda

autooscilaci v daném iteracnim kroku. Konstanta k, urcuje rychlost konvergence.

Spravna konvergence byla dosazena pro hodnoty tohoto parametru v rozmezi
(0.01,0.1).

6.2.1. Alternativni metoda

Existuje také alternativni metoda, ktera pro vytvotreni autooscilaci nepouziva
nelinearitu typu relé s hysterezi, ale nelinearitu typu idealniho relé s proménnym
dopravnim zpozdénim 7. Vzorec pro vypocet ekvivalentniho prenosu zastupné
nelinearity s dopravnim zpozdénim

N(A,d,a),f,f):i a’-e_j'“”—i-f-ej.E (6.7)
Alternativni vzorec pro vypocet tieni
fro = ;(Aldz sin(w,7,) - 4,d, sin(w,7, ))
4, - 4,
) I (6.8)
fin =——(4d; cos(@,7,) - 4,d, cos(a,, ))
4 -4,
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Odhad suchého tfeni se provadi stejné jako v minulém piipadé, tedy jako
absolutni hodnota komplexniho ¢isla (6.8) podle vzorce (6.5). Iterace pro nastaveni
dopravniho zpozdéni v nasledném iteracnim kroku (periodé autooscilaci) se provadi
podle vzorce

T2’+l == Tzl + kT (]—i - Tzl ) (6.9)
Konstanta &, urcuje opét rychlost konvergence.

6.3. Struc¢ny popis algoritmu

Popsany algoritmus mize byt shrnut do nasledujicich kroku:
Prvni experiment
Systém se zapoji do zpétnovazebniho obvodu srelé s hysterezi ¢

a s amplitudou d,. Jakmile se autooscilace ustdli, zméfi se jejich perioda 7,
a amplituda 4, .

Druhy experiment
Inicializace
Amplituda vnéjsiho relé se zméni na hodnotu d,. Jeho hystereze se ponecha

na puvodni hodnoté &, = &;.

Iterace i
Podle zméfené hodnoty periody autooscilaci 7, a hodnoty jejich amplitudy
4, se pomoci vzorce , (6.6) nastavi nova velikost hystereze ¢, .

Podminka ukonceni algoritmu.
Iterace se ukonci v okamzZiku, kdy se perioda kmitd 7, shoduje s periodou

kmit 7 ziskanou pfi prvnim experimentu 7, =17,.
1

Vypocet odhadu tieni.
Vypocte se odhad velikosti suchého treni pouzitim vzorct (6.5) a (6.4).

6.4. Zavér

Préce se zabyva metodou automatického zjiStovani suchého treni, ktera pro svoji
¢innost nevyzaduje Ciselné informace o méifeném objektu. Jedinym pozadavkem je,
aby se jeho struktura shodovala s uvazovanou strukturou pouZzitou pii odvozeni této
metody. Jadro disertacni prace tvoii ideovy navrh, teoretické odvozeni a prakticka
realizace vySe popsané metody. Ta byla odzkouSena v simulacich a nasledné potom
na praktickém piikladé odhadu suchého tfeni stejnosmérného motorku. V praci je
ukazana moznost pouziti filtrace vystupni veli¢iny. To zvySuje pfesnost navrzené
metody a umoznuje dosazeni lepsich vysledkl v ptipadé zaSuméného obvodu.
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7. VERSION ABREGEE

Cette theése s'intéresse a I'étude d'un systéme comportant une partie linéaire et
deux parties non-linéaires avec la caractéristique du relais. La non-linéarité intérieur
(relais intérieur) a la caractéristique du relais idéal. Ce relais représente le frottement
de Coulomb. La non-linéarité extérieure (relais extérieure) créé l'auto oscillation
dans la boucle fermée. Il contient un hystérésis.

Les deux relais peuvent étre remplacés par un élément non-linéaire avec un
comportement identique. Cela permet d'utiliser la méthode appelée : la méthode
d'équilibre des harmoniques / analyse de la fonction de description L'amplitude et la
fréquence des auto-oscillations dépendent des parametres du relais extérieure (I'
hystérésis et I'amplitude) Cela permet de déduire la formule et l'algorithme pour
l'estimation du frottement.

Tout d'abord, les limites du cycle sont générées dans un systéme utilisant un relais
extérieure avec I'hystérésis et I'amplitude fixe. On mesure l'amplitude et la fréquence
aussitot que la limite du cycle est stabilisée. Ensuite, on change la valeur de
I'amplitude du relais extérieure. La limite du cycle est générée de nouveau. On
augmente la valeur de I'hystérésis pour obtenir la mg¢me fréquence que celle du cycle
durant le premier test du relais. On mesure I'amplitude du cycle pour la deuxiéme
fois. Finalement, les données obtenues sont utilisées pour le calcul du frottement de
Coulomb.

L'algorithme qui est décrit ici a été réalisé sous la forme d'un schéma sous
Simulink avec plusieurs C MEX S fonctions sous Matlab. Le schéma a été vérifié
par des simulations aussi bien qu'en situations réelles. Le code C a ¢été
automatiquement généré par I'outil Real Time Workshop lequel peut étre compilé en
utilisant le compilateur et logiciel WinCon 3.0. Le fonctionnement en temps réel a
été démontré par l'estimation du frottement de Coulomb du moteur a courant
continu.
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